Introduction
In a recent paper 1], Adem, Maginnis and Milgram calculated the mod 2 cohomology of the Mathieu simple group M 12 . An interesting feature of the answer they obtain is that it is Cohen{Macaulay. There is a subalgebra isomorphic to the rank three Dickson invariants, namely a polynomial ring in generators of degrees 4, 6 and 7, and over this subalgebra the whole cohomology ring is a nitely generated free module. Since the classifying space BG 2 of the compact Lie group G 2 has the rank three Dickson invariants as its cohomology, one is led to ask whether there is an interesting relationship between M 12 and G 2 .
There is clearly no group homomorphism from M 12 to G 2 which induces the inclusion of the Dickson invariants into the cohomology of BM 12 . Indeed, there is no non-trivial group homomorphism from M 12 to G 2 at all, since the smallest nontrivial complex representation of M 12 has dimension 11, while G 2 has a 7 dimensional complex representation.
Nevertheless, as we shall see in Section 5, there is a map of classifying spaces with the desired properties. Theorem 1.1 There is a map of classifying spaces : BM 12 ! BG 2 inducing an injective map : H (BG 2 ; F 2 ) ! H (BM 12 ; F 2 ) in mod two cohomology. The mod two cohomology of BM 12 is a nitely generated free module over the image of this map.
The idea for constructing this map is to use an observation made in 1]. Namely, for suitably chosen subgroups W and W 0 containing a Sylow 2-subgroup P of M 12 , they show that the obvious map from the amalgamated free product W P W 0 to M 12 is a mod two cohomology isomorphism. We shall give a short proof of this in Section 3 using ordinary character theory. We then construct a map of groups from W P W 0 to G 2 which induces the desired map in mod two cohomology. Finally, a theorem of Dwyer and Wilkerson enables us to deduce the existence of the desired map from BM 12 to BG 2 .
The ber of the map constructed this way has as its mod two cohomology a 14 dimensional Poincar e duality algebra. This suggests that there may be a free action of M 12 on the 14 dimensional manifold underlying G 2 , so that this ber is equivalent at the prime two to the quotient manifold. In fact, this is not the case, as we shall see in Section 7 by examining the behavior at the prime 5 or at the prime 11. We have not attempted an analysis at the prime three, but we remark that the mod three cohomology of M 12 is Cohen{Macaulay.
In Section 8 we make some comments about nite simple groups and Dickson invariants of other ranks. The most interesting case is that of the rank four Dickson invariants. Dwyer and Wilkerson 6] recently constructed a nite loop space at the prime two whose classifying space BDI(4) has the Dickson invariants of rank four as its mod two cohomology. We speculate that there may exist a map from the classifying space BCo 3 of Conway's sporadic group Co 3 to BDI(4) with properties analogous to those of the map from BM 12 to BG 2 .
Dickson invariants as parameters
We begin by pointing out that for any compact Lie group G and prime p, there is always a copy of the Dickson invariants (with a suitable Frobenius twist) sitting inside H (BG; F p ) as a subalgabra over the Steenrod algebra, in such a way that H (BG; F p ) is nitely generated as a module over this subalgebra. Since there does not seem to be an appropriate reference in the literature, we spend this section providing a proof of this (presumably well known) fact.
Let E be a nite elementary abelian p-subgroup of G of order p n . If p = 2, then H (BE; F p ) is a polynomial algebra on n degree one generators, while if p is odd, it is a tensor product of an exterior algebra on n degree one generators and a polynomial algebra on their Bocksteins in degree two. The action by conjugation identi es N G (E)=C G (E) with a subgroup of GL n (F p ). In particular, the Dickson invariants on the polynomial part of H (BE; F p ) F p x 1 ; . . . ; x n ] GLn(Fp) = F p c n;n?1 ; . . . ; c n;0 ] (with deg(c n;i ) = 2 n ? 2 i if p = 2 and deg(c n;i ) = 2(p n ? p i ) if p is odd) are in the invariants of the normalizer H (BE; F p ) N G (E) .
If E 0 is a subgroup of index p in a nite elementary abelian p-subgroup E, then the restriction of c n;0 to E 0 is zero, while for i > 0 the restriction of c n;i to E 0 is c p n?1;i?1 .
By a theorem of Quillen 10] , the map given by the restrictions
is an F-isomorphism, where the limit is taken over the category whose objects are the nite elementary abelian p-subgroups E of G and the morphisms are generated by the conjugations and inclusions. To say that a map is an F-isomorphism means that the kernel consists of nilpotent elements, and given any element x in the codomain, some p-power x p a is in the image.
Denote by r = r p (G) the p-rank of G; namely the largest rank of a nite elementary abelian subgroup of G. Then (ii) The restriction of d r?i to any nite elementary abelian p-subgroup E of order p n is equal to c p r+a?n n;n?i for i n, and zero for i > n. 3 The map from W P W 0 to M 12
We begin this section with a general discussion of amalgamated free products of subgroups. Let G be a nite group, and let H and H 0 be subgroups generating G and containing a subgroup K in their intersection. Then there is a map from the amalgamated free product H K H 0 to G given by sending elements of H and H 0 to the corresponding elements of G. Since H and H 0 generate G, this map is surjective. The Kurosh subgroup theorem (see for example 9] Corollaries 4.9.1 and 4.9.2) implies that the kernel F is free.
Let ? be the graph whose vertex set is the disjoint union of two sets corresponding to the cosets of H and H 0 in G, and whose edges correspond to the cosets of K in G. A vertex is incident to an edge if the corresponding coset of H or H 0 contains the corresponding coset of K. The universal cover? is formed by performing the same construction with the cosets of H, H 0 and K in the amalgamated free product H K H 0 . Thus the kernel F is identi ed with 1 (?).
Let R be a commutative ring of coe cients. Then as an RG-module, H (ii) , (iii): This follows by comparing this short exact sequence with the Mayer{ Vietoris long exact sequence for computing the cohomology of an amalgamated free product.
(iii) , ( Following 1], we use the permutations given in Hall's book 7] for M 12 acting on 12 points. It is generated by the permutations u 1 = (1; 2; 3)(4; 5; 6)(7; 8; 9)(10)(11)(12) u 2 = (1; 4; 7)(2; 5; 8)(3; 6; 9)(10)(11)(12) a = (1)(2; 4; 3; 7)(5; 6; 9; 8)(10)(11)(12) b = (1)(2; 5; 3; 9)(4; 8; 7; 6)(10)(11)(12) x = (1; 10)(4; 5)(6; 8)(7; 9)(2)(3)(11)(12) y = (1; 11)(4; 6)(5; 9)(7; 8)(2)(3)(10)(12) z = (1; 12)(4; 7)(5; 6)(8; 9)(2)(3)(10)(11):
We also set d = xyz = (1; 12; 11; 10)(4; 6; 7; 8)(2)(3)(5)(9) T = (1; 4; 2)(3; 11; 7)(5; 10; 6)(8; 9; 12) g = ad 2 = (1; 11)(2; 7)(3; 4)(5; 8)(6; 9)(10; 12) h = bxzyz = (1; 10)(2; 5)(3; 9)(4; 6)(7; 8)(11; 12) Then we take W = ha; biohx; y; zi = Q 8 o 4 :
We think of a, b and ab as i, j and k in Q 8 . Conjugation by x is the automorphism i $ j, k $ ?k; y is i $ k, j $ ?j and z is j $ k, i $ ?i. The map W ! SO (4) is obtained by acting on the quaternion algebra H = R T 7 !T, g 7 !g and h 7 !h.
The intersection of SO (4) It is easy to check that the maps we have described from W to SO (4) As mentioned in the introduction, one of the interesting features of the calculation of H (BM 12 ; F 2 ) given in Adem, Maginnis and Milgram 1] is that the answer is a Cohen{Macaulay ring. It turns out that something even stronger is true, namely the cohomology of a Sylow 2-subgroup P of M 12 is Cohen{Macaulay. In this section, we give a short proof of this fact.
We begin by recalling that the Sylow 2-subgroup of M 12 is of the form (hbi hdi)o(hhi hgi):
We proceed by examining the spectral sequence of this split extension.
The subgroup generated by b, d and g is a wreath product of Z=4 by Z=2, as can be seen more easily by writing it as (hbdi hdi)ohgi:
Note also that the conjugation action of h just inverts every element of the normal subgroup.
Write the cohomology of hbdi hdi as ("; " 0 ) F 2 ; 0 ] with " and " 0 in degree one, and and 0 their second Bocksteins in degree two. Write = 0 this implies that " + " 0 0 survives to E 1 . Finally, since 0 is represented by an Evens norm from the subgroup of index two generated by b, d and h, it also survives to E 1 (Note that in the spectral sequence for the split extension of hbi hdi by hhi it is easy to see that E 2 = E 1 , so that may be regarded as an element of the cohomology of this subgroup; then its Evens norm to P is 0 ). This proves that E 2 = E 1 .
Finally, to see that the mod two cohomology of P is Cohen{Macaulay, we observe that a regular homogeneous sequence of parameters may be chosen as follows. For two of the parameters, we may choose and any representative of 0 . For the remaining parameter, we must choose carefully a representative of + 0 . The relation ( + 0 ) = 0 ungrades to a relation which says that is some linear combination of
. By adjusting the representative by elements of the base, the rst three of these terms may be eliminated so that the relation says either = 0 or = 3 . We then take + 2 for our third parameter. It is easy to check that these form a regular sequence. 7 The primes 5 and 11 One may speculate that there is a map from BM 12 to BG 2 with properties at all primes analogous to those of the map constructed above at the prime two. To see that this is not the case, one may calculate either at the prime 5 or at the prime 11. :GL(4; F 2 ). In the latter case, in both DI (4) and Co 3 the extension is non-split, and since there is only one isomorphism class of non-split extension, these groups are isomorphic. It is also interesting to note that the centralizer of a suitable involution in Co 3 is of the form Z=2 M 12 , so that one might try to construct a commutative square BZ=2 BM 12 ! BZ=2 BG 2 # # :GL(5; F 2 ). It is quite plausible that the rank 5 Dickson algebra is sitting inside H (T h; F 2 ) as a subalgebra over which it is nitely generated as a module, but this could obviously not be realized topologically.
There is no non-split extension (Z=2) 6 :GL(6; F 2 ), so the game stops there. It would also be interesting to investigate the situation at other primes.
